Let G be a graph on n vertices v 1 , . . . , v n and let d(v i ) be the degree of the vertex
Introduction
In [7] , Harary and Schwenk initiated the problem of finding (describing) all graphs with integral spectrum. In general, the problem seems to be intractable. Particular results were obtained only for certain classes of graphs (see e.g. [9] ).
In this paper we consider the class of 3-harmonic graphs. ∈ E(G). The eigenvalues and eigenvectors of A(G) are said to be the eigenvalues and eigenvectors of the graph G. They are studied within the scope of the theory of graph spectra (see e.g. [5] ). As usually, since the eigenvalues are real (A(G) is a real and symmetric matrix), they can be designated in nonincreasing order λ 1 (G) λ 2 (G) · · · λ n (G) . The family of eigenvalues is the spectrum of G and the largest eigenvalue λ 1 (G) is also called the index of G. Recall, if G is connected, then λ 1 (G) > λ 2 (G). Also, the inter-relation between the spectra of a graph G and its induced subgraph H is expressed by the so-called interlacing theorem:
Let G = (V (G), E(G)
Let λ 1 λ 2 · · · λ n be the eigenvalues of a simple graph G and µ 1 µ 2 · · · µ m the eigenvalues of its induced subgraph H. Then the inequalities λ n−m+i µ i λ i (i = 1, 2, . . . , m) hold.
Thus, if e.g. m = n − 1, we have λ 1 µ 1 λ 2 µ 2 · · ·, and also
The number p of distinct eigenvalues of G limits its diameter D:
The graph G is said to be harmonic [6, 2] if there exists a constant λ, such that the equality
holds for all i = 1, . . . , n.
It is easy to see that Eq. (1) for i = 1, . . . , n are equivalent to
i.e. the graph G is harmonic if and only if d(G) is one of its eigenvectors. A graph satisfying Eq.
(1) or (2) will be referred to as λ-harmonic graph. It is evident from Eq. (1) that λ is a rational number. From Eq. (2) and the fact that no proper fraction is a graph eigenvalue it follows that λ must be an integer.
Summing up the expressions (1) over all i = 1, . . . , n and observing that each summand
i.e.
which are necessary, but not sufficient, conditions for a graph to be harmonic.
In what follows we consider only connected λ-harmonic graphs (λ 2). Elementary properties of such graphs are studied in [2] and we give here some of them. In addition, we will prove the following lemma. 
If t = 1, it follows from (5)
We conclude that there exists a pendant vertex u j adjacent to the vertex z i , which is a contradiction with Theorem 1, 3 0 . If 2 t < λ, then again it follows from (5)
We have that 0 < −1 (t = 2) or λ < 1 (3 t < λ), a contradiction. Now, from the inequality
We give now some essential results about spectra, which will be used subsequently.
Lemma 2 [13] . Let G be a graph with index λ 1 . Then λ 1 2 (λ 1 < 2) if and only if each component of G is a subgraph (proper subgraph) of one of the graphs depicted in Fig. 1 , which all have index equal to 2.
The graphs depicted in Fig. 1 are known as Smith graphs.
Lemma 3 [10] . Let G be a graph of the shape displayed in Fig. 2 , where x is a cut-vertex, while In this paper we will consider connected 3-harmonic graphs and determine all such integral graphs. So far, this problem has been solved in the class of regular graphs (cubic graphs). Namely in [3, 4] determined all connected, cubic, integral graphs, while at the same time and independently, the same result was reported by Schwenk [11] . The total number of these graphs is 13.
Thus, we have to consider connected non-regular 3-harmonic graphs. Also, we will use the results obtained in paper [12] . 
The main results
Let G be a connected, non-regular, 3-harmonic integral graphs and let
. . be the sets of vertices in G which are at respective distances 1, 2, . . . from r, and we may put {r} = V 0 . Proof. Follows immediately from Lemma 1.
Now as in some former investigations of integral graphs, we will separate the cases of nonbipartite and bipartite graphs.
Non-bipartite graphs
Theorem 3. There are exactly three connected non-regular, non-bipartite 3-harmonic integral graphs. These are the graphs S 1 , S 2 and S 3 depicted in Fig. 3 .
Proof. Let G be a connected non-regular, non-bipartite, 3-harmonic integral graph. Because the largest eigenvalue is λ 1 = 3 and −3 is an eigenvalue of G if and only if G is bipartite, we conclude that the spectrum of G lies in the interval [−2, 3]. Also, −2 is an eigenvalue of G, since otherwise the corresponding graph would be complete and consequently regular. Thus, for G holds λ 1 = 3, λ 2 2 and λ n = −2. According to the interlacing theorem, if G is a proper induced subgraph
is the smallest eigenvalue of G and λ n the smallest eigenvalue of G).
Then, by Theorem 1, 4 0 and 5 0 , we have 4 (G) 7. If 6 (G) 7, then the subgraph of G induced by the set V 1 is the graph without edges (in the opposite case G is not harmonic). It follows that G contains the proper induced subgraph H 3 from Fig. 4 , for which holds λ 6 (H 3 ) = −2, 236 < −2, a contradiction. If (G) = 5, then the subgraph of G induced by the set V 1 is one of the graphs 2K 2 ∪ K 1 , K 2 ∪ 3K 1 and 5K 1 (in the opposite case G is not harmonic) and G contains one of the graphs H 1 , H 2 and H 3 from Fig. 4 as a proper induced subgraph. But λ 6 (H 2 ) = −2, 086 < −2, λ 6 (H 3 ) = −2, 236 < −2 and G contains the graph H 1 as a proper induced subgraph. Clearly, the number of distinct eigenvalues of G does not exceed 6 and therefore the diameter is at most 5. But it is easy to see that there are no 3-harmonic graphs with diameter D 5 which contain the graph H 1 as a proper induced subgraph.
We conclude that (G) = 4. By Theorem 2, in the set of all connected non-regular, nonbipartite graphs with (G) = 4 there exist exactly 13 integral graphs, out of which exactly three are 3-harmonic. These are the graphs S 1 , S 2 and S 3 depicted in Fig. 3. 
Bipartite graphs
Let T be the set of all connected, non-regular, bipartite, 3-harmonic integral graphs. Since the spectrum of a bipartite graph is symmetric, besides some spectral properties which we had in the previous case, a new moment is that −3 must belong to the spectrum, which means that the upper bound for the diameter D is 6 (instead of 5). We conclude by the interlacing theorem that for each proper induced subgraph G of G holds:
Of course, since D 6, the number of the sets V 1 , V 2 , . . . is bounded. Let G A be the subgraph of G induced by the set V 0 ∪ V 1 ∪ V 2 , while G B is induced by the rest of the vertices (we may say that G A is generated by the first two layers of vertices, and G B by the others).
Proof. We shall prove that for each component H of G B holds λ 1 (H ) < 2. We distinguish the following two cases: In this case the index of G B is at most 2 and, if H is any component of G B whose index is equal to 2, then any vertex of V 2 is adjacent to at least one vertex of H. The proofs of these statements are similar to the proof in Case 1 and we will omit them. Now, if G B has s(r) components whose index is equal to 2, then s(r) 1 (in the opposite case all vertices of the set V 2 are of degree greater than or equal to 3, which is a contradiction).
Let H be a component of G B whose index is equal to 2. Then the set V 2 does not contain vertices of degree 1 and contains four vertices of degree 2, each of them being adjacent exactly to one vertex of the set V 1 . Then each vertex of degree 2 from V 2 is also adjacent to exactly one vertex of the component H and each vertex of H is adjacent to at most one vertex of degree 2 from The component H does not contain isolated vertices and the set V 2 does not contain vertices of degree 4 in the subcase (C). We conclude that there exists the vertex of degree 4 in the set V 4 which belongs to H and, by Lemma 2, H = S 1,4 . Also, the set V 2 does not contain vertices of degree 4 in the subcases (A) and (B) (otherwise |V (H )| > 5, a contradiction). It follows that the set V 2 contains exactly four vertices of degree 2.
Denote by V 3 2 the set of vertices of degree 3 in the set V 2 . Since there are exactly four edges to connect these vertices with the vertices of the set V 1 and exactly four edges to connect them with the vertices v 1 , v 2 , v 3 and v 4 , we conclude that 3 |V 3 2 | 4. In addition, we will consider separately the subcases (A), (B) and (C).
Subcase (A).
In this subcase |V 3 2 | = 4 (if not, the set V 2 contains a vertex of degree 3 which is adjacent to a vertex of degree 1 of the component H, which is a contradiction). We conclude that G is one of the graphs G 1 and G 2 of Fig. 6 , but they are not integral.
Subcase (B).
In this subcase |V 3 2 | = 4 (otherwise the set V 2 contains a vertex of degree 3 which is adjacent to a vertex of degree 1 or 2 of the component H, a contradiction). We conclude that G is one of the graphs G 3 and G 4 of Fig. 6 , which are not integral, or G B contains a component H 1 , different from H, whose index is greater than or equal to 2, a contradiction.
Subcase (C).
In this subcase G B would contain a component H 1 , different from H, whose index is greater than or equal to 2, a contradiction.
So, we have proved that for each component H of G B holds λ 1 (H ) < 2.
Corollary 1. Each component H of G B contains at most one vertex of degree 3 and does not contain vertices of degree greater than 3.
Proof. By Lemma 2, each component H of G is a proper induced subgraph of some of the Smith graphs (Fig. 1), i.e. an induced subgraph of some of the two graphs depicted in Fig. 7 . Fig. 7 .
Corollary 2. G B is an acyclic graph (a forest).

Proposition 3. Let 5
(G) 7. Each vertex of the set V 2 is of degree less than or equal to 3. Each vertex of degree 2 from V 2 is adjacent to exactly two vertices of the set V 1 . Let x be a vertex of degree 2 from V 2 and y ∈ V 3 be a vertex such that (x, y) ∈ E(G). Then d(y) = 3 and there exists a vertex z ∈ V 4 of degree greater than 3, which is in contradiction with Corollary 1. Therefore, x is adjacent to exactly two vertices of the set V 1 . Proof. 1 0 By Proposition 3, each vertex of V 3 can have neighbors in V 2 only of degree 3. If there exists a vertex x ∈ V 3 of degree 3 which is adjacent to exactly one vertex of V 2 , then there also exists a component H of G B which contains a vertex of degree greater than 3 or two vertices of degree 3, which is in contradiction with Corollary 1.
Proof. If (G)
2 0 Assume the opposite, namely that V 3 contains two vertices x and y such that d(x) 4 and d(y) 4. By Proposition 3, the vertices x and y can have neighbors in V 2 only of degree 3. Also, each vertex of degree 3 from V 2 can be adjacent to exactly one vertex from the set {x, y}. But the set V 2 contains at most five vertices of degree 3. We conclude that there exists a component H of G B which contains a vertex of degree greater than 3 or two vertices of degree 3, which is a contradiction.
3 0 Assume that the set V 3 contains a vertex of degree 4. Then by (4) and Proposition 4, 2 0 we have n 1 + n 2 = 7. It is easy to see that there exists a component H of G B which contains a vertex of degree greater than 3 or two vertices of degree 3, a contradiction. Now, we distinguish the following four cases:
By Propositions 1 and 3 we conclude that V i = ∅ (i 3) and G is the graph G 5 of Fig. 8 . The graph G 5 is not integral. 1  3  1  1 1 3 1 3   3  3 3  3  3  3  3 In the case (e) the set V 3 contains a vertex of degree 5 (otherwise G is not harmonic) and G is the graph G 7 of Fig. 8 , which is not integral. In the cases (a), (h) and (i) V i = ∅ (i 3) and G is one of the graphs G 8 , G 9 and G 10 ( Fig.  8) , respectively. The graphs G 8 and G 9 are integral and the graph G 10 is not.
In the remaining cases the set V 3 contains no vertex of degree 5 (in the opposite case there exists a component H of G B which contains a vertex of degree greater than 3 or two vertices of degree 3, a contradiction). By Proposition 4, 2 0 and 3 0 we have n 4 = 0, n 5 = 1 and, by (4), n 1 + n 2 = 5. We conclude that the sets V i (i 3) contain only vertices of degree 3.
In the case (c) we have, by Proposition 4, 1 0 , that 2 |V 3 2 | 3 and G is one of the graphs G 11 and G 12 (Fig. 8) , respectively, which are not integral.
In the cases (b), (d), (e), (f) and (g) there exists a component H of G B which contains a vertex of degree greater than 3 or two vertices of degree 3, a contradiction. 
Proposition 5. On the above assumptions
In addition, it holds:
(A.1) The degrees of vertices z, v 1 , v 2 can be 4,2,2 or 3,3,3, respectively, and we have two possibilities: (a) and (b) (Fig. 12) .
(a) The set V 3 contains no vertex of degree 4 (otherwise G is not harmonic) and n 4 = 4. By (4) we have n 1 + n 2 = 8 and G is the graph G 14 (Fig. 12) , which is not integral. (b) The set V 3 contains no vertex of degree 4 (otherwise there exists a component H of G B which contains a vertex of degree greater than 3 or two vertices of degree 3) and n 4 = 3. By (4) we have n 1 + n 2 = 6. Denote by s 2,4 the number of edges to connect the vertices of the sets V 2 and V 4 with the vertices of the set V 3 and by s 3 the number of edges to connect the vertices of the set V 3 with the vertices of the sets V 2 and V 4 . But s 2,4 / ≡ s 3 (mod 3), a contradiction. We see that this case is impossible.
(A.
2) The degrees of vertices z, v 1 , v 2 are 4,2,2, respectively and G is the graph S 4 of Fig. 13 . The graph S 4 is integral.
(B) The remaining two vertices which have the property of being joined by two edges to the vertices of V 1 are of degree 3, while the second vertex which is joined by one edge to the vertices of V 1 is of degree 2. But the set V 3 contains a vertex of degree 4 which is adjacent to the vertex y of V 2 . This vertex must be adjacent to at least one vertex of degree 4 from the set V 2 , but this is impossible.
(C) At least one of the vertices which have the property of being joined by two edges to the vertices of V 1 is of degree 2, which is impossible.
The proofs of the rest of the cases are similar and we will omit them and quote only final results. The graph G is one of the graphs S 4 and S 5 in Fig. 13 in subcase 4.1, one of the graphs S 6 -S 8 in Fig. 13 in the subcase 4.2 and one of the graphs S 9 -S 11 in Fig. 13 in the subcase 4.3.
Thus we have the following theorem.
Theorem 4.
There are exactly 10 connected non-regular bipartite 3-harmonic integral graphs. These are the graphs S 4 -S 11 depicted in Fig. 13 and the graphs G 8 and G 9 depicted in Fig. 8 .
Note
Not long before this paper was accepted for publication the authors had got insight through private communication into the result [8] : exactly eight out of 93 non-regular bipartite integral graphs with maximal degree four are 3-harmonic, which represents the computer verification of the most complicated part of the work (graphs S 4 -S 11 of the subcases 4.1-4.3).
